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 Abstract— If the end-effector of a robotic manipulator moves 
on a specified trajectory, then for the fault tolerant operation, it 
is required that the end-effector continues the trajectory with a 
minimum velocity jump when a fault occurs within a joint. This 
problem is addressed in the paper. A way to tolerate the fault is 
to find new joint velocities for the faulty manipulator in which 
results into the same end-effector velocity provided by the 
healthy manipulator. The aim of this study is to find a strategy 
which optimally redistributes the joint velocities for the remained 
healthy joints of the manipulators. The optimality is defined by 
the minimum end-effector velocity jump. A solution of the 
problem is presented and it is applied to a robotics manipulator. 
Then through a case study and a simulation study it is validated. 
The paper shows that if would be possible the joint velocity 
redistribution results into a zero velocity jump. 
Keywords— robotic manipulator, fault tolerant, optimal control, 
actuator fault. 
I. INTRODUCTION 
Applications such as robotic manipulators in hazardous 
environments and nuclear disposal, exploring deep sea and 
outer space [1] need highly dependable manipulators. The 
availability contributes into the safety of the system 
specifically for working with hazardous materials [2]. Design 
or control of a fault tolerant manipulators aims to maintain the 
availability [3] of the manipulator if a non catastrophic failure 
occurs into its actuators or sensors .  
Two subjects of designing a fault tolerant manipulators or fault 
tolerant controlling of the manipulators under various fault 
scenarios are pursuit by the researchers in robotics community.  
So far different structures of serial or parallel manipulators 
have been studied [4] from fault tolerant perspective. The 
design normally optimizes one of the fault tolerant measures 
[5-6] such as manipulability or dexterity measures. The control 
focuses on Fault Detection [7], Fault Isolation and 
Identification [8] and Fault Recovery techniques [9] both from 
model base or AI approaches. 
Fault tolerant design of the serial link manipulators (SLMs) 
can be achieved by adding an extra kinematic redundancy. If 
these redundancies are effectively used [10], then the 
manipulator optimally maintains its dependability to perform 
the required or prioritized tasks [11] even if one or more 
joint/s fails.   
A fault tolerant manipulator should continue its task with a 
minimum end-effector velocity jump when a fault occurs into 
the joint/s. This requires that the contribution of the locked 
joint prior to the fault time has to be compensated by the other 
available joints after failure. It is assumed that the faulty joint 
is known and the fault is a locked joint failure. To achieve this, 
it is necessary to redistribute the joint velocities for the healthy 
joints to minimize the end-effector velocity jump. Therefore 
proposing new velocities for the healthy joints is addressed in 
this paper.  
After the introduction section, the remainder of the paper 
presents the Jacobian for SLMs with some immobilized joints. 
Then the joint redistribution is obtained in a way which results 
into the minimum velocity jump for the velocity of the end-
effector. Then it is used for the study of different fault 
scenarios for a 5-DOF spatial manipulators. The results are 
indicated and finally the conclusion remarks are provided.  
II. KINEMATICS OF REDUNDANT MANIPULATORS
A. Basic definitions 
The forward kinematics Eq.(1) of a serial link robotic 
manipulator is a non-linear equation which relates joint angles 
for revolute joints (displacements for prismatic joints) to the 
end-effecter (EFF) position/orientation Eq.(2). The joint 
492978-1-4244-6506-4/10/$26.00 c©2010 IEEE
      
variables Eq.(3) define the configuration space and 
position/orientation variables Eq.(3) define the workspace of 
the manipulator. Eq.(4) defines the inverse kinematics. 
)(qfX      Eq.(1)
> @TmxxxX ...21 Eq.(2)
> @Tnqqqq ....21 Eq.(3)
)(1 Xfq      Eq.(4)
where X is the position and orientation vector, q  is the joint 
angles. The manipulator is an n-DOF arm and m is the work 
space dimension. The degree of kinematic redundancy (DOR) 
is obtained by n-m. If the manipulator has any DOR then it is 
called serial link redundant manipulator (SLRM). In [3] the 
number of required redundancy was investigated by applying 
joint fault probability and total reliability of the manipulator. 
In [10] the upper limit of an optimal fault tolerant 
configuration for redundancy is studied.  
B. Jacobian of serial link redundant manipulator under a 
locked joint failure 
The Jacobian of the manipulators is indicated by Eq.(5). 
Jacobian relates the EFF translation and orientation velocities 
to the joint velocities Eq.(6).  
mn
q
f
J »
¼
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ª
w
w     Eq.(5)
qJX        Eq.(6)
Each column indicates the contribution of the corresponding 
joint velocity in the translation and orientation velocities of the 
EEF Eq.(6). Jk  is the k
th column of J in  Eq.(7), 
> @mnnkkk JJJJJJJ ....... 1121  
Eq.(7)
When the manipulator has a fault on the kth joint, then this 
joint does not contribute into the velocity of the EEF of the 
manipulator. Therefore the Jacobian of the manipulator under 
an immobilised joint failure can be introduced by replacing a 0
vector instead of the kth column in the Jacobian of the healthy 
manipulator. This provided Jacobian for the faulty manipulator 
and it is called reduced Jacobian Eq.(8).  
> @nkk JJJJJ .0.. 1121 
Eq.(8) 
Using this the Jacobian equation in Eq.(6) is reformulated to 
Eq.(9). 
qJX kk        Eq.(9)
where  
> @nkkk JJJJJJ .... 1121  
Eq.(10) 
> @Tnkkk qqqqqq  .... 1121  
Eq.(11)
Jk  is the kth reduced Jacobian matrix.  
III. EEF VELOCITY JUMP DUE TO A LOCKED JOINT FAILURE
A. EEF velocity and a single joint failure  
When the EEF of a manipulator is providing a trajectory and if 
the kth joint velocity is kQ then kkQJ   indicates the 
contribution of the manipulator into the velocity of the EEF. 
Assume a sudden fault occurs into the kth joint of the 
manipulator. This failure results into a change into the faulty 
joint velocity, a change into the Jacobian matrix and a jump 
into the velocity of the EEF modeled by Eq.(12).  
))(( QQJJXX  '' ' Eq.(12)
X' : velocity jump of the EEF
J' :  change into the Jacobian matrix
Q' :  change of joint velocities when fault occurs 
As the these changes come from the locked failure in the kth
joint then the changes into the Jacobian matrix and joint 
velocity vector are indicated by Eq.(13)-Eq.(14)  
> @0......0 kJJ  ' Eq.(13)
> @TkQQ 0......0   ' Eq.(14)
kQ the velocity of the k
th joint if the manipulator is healthy 
If the velocity jump is zero then the manipulator is fault 
tolerant. As it is assumed that the faulty joint had been 
contributing in the velocity of the EEF therefore missing it 
results into a velocity jump at the EEF. On the other hand for 
the fault tolerant manipulators it is required the joint fault does 
not result into a velocity jump. This can be achieved through a 
compensation strategy. It is essential to compensate the lost 
contribution of the faulty joint therefore an extra command U
for joint velocities is added to Eq.(12). Which is indicated by 
Eq.(15).  
))(( UQQJJXX '' '  Eq.(15)
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where U defined how much the velocities of the other joint 
should change to compensate the contribution of the faulty 
joint. Simplifying Eq.(15) results in Eq.(16). 
UJJQJX kk )( ' '  Eq.(16)
Eq.(16) implies that the velocity jump is equal to the reduced 
contribution of the kth joint velocity (the first term in Eq.(16)) 
plus the contribution of the compensating velocity of the other 
joints (second term Eq.(16)) for the velocity of the EEF.  
Having a zero at the kth column of )( JJ '  will ensure that 
UJJ )( ' will be zero on its kth row. This makes it certain that 
the velocity for the faulty joint does not change under the 
strategy as it is locked. Therefore the calculated joint velocity 
vector must have a zero component in kth row of the 
compensation input.  
B. Minimization of velocity jump do to single joint fault  
The norm of the velocity jump Eq.(17) is used for 
minimization purpose which is the least square solution and it 
results to an optimal answer from least square perspective.  
^ ` ^ `UJJQJUJJQJ
XXX
T
T
)()(
2
''''
 '' '


Eq.(17)
Using the reduced Jacobian Eq.(9) and defining
> @Tnkkkkkkkk UUUUUU ...... 1121  then and least 
square minimization of Eq.(17) results into Eq.(18) 
kkQJJJU 
†)( '    Eq.(18)
†)( JJ ' is the Penrose-Moore or pseudo inverse of )( JJ '
which is defined by Eq.(19) or Eq.(20)
T1T† )())()(()( JJJJJJJJ ''' ' 
      Eq.(20) 
1TT† )))((()()( ''' ' JJJJJJJJ
Eq.(21)
Based on Eq.(20) and Eq.(21) definition of pseudo inverse  
depends to the column rank of the matrix )( JJ ' . If the 
full rank of the Jacobian matrix is lost then Eq.(20) is defining 
the inverse but when the reduced Jacobian is still redundant 
the Eq.(21) is used. Simply replacing )( JJ ' by the 
reduced Jacobian in Eq.(13) results into Eq.(22) 
kk
kk QJJU †)(     Eq.(22)
TkkTkk JJJJ )())(( 1†     Eq.(23)
Or
1† ))(()(  TkkTkk JJJJ Eq.(23) 
Similar to )( JJ ' . Eq.(22) is the optimal compensation 
joint velocities to compensate the velocity jump. And finally 
the control command vector Eq.(25) is proposed by adding a 
zero to the kth row of the kU.
> @Tnkkkkkk UUUUU 111 ...0...  
       Eq.(25) 
IV. – CASE STUDY - OPTIMAL MAPPING FOR SPATIAL 5-
DOF MANIPULATOR
This case study aims to obtain the new joint velocities for a 
faulty manipulator to maintain the velocity of the EEF of the 
manipulator. Therefore a 5-DOF spatial manipulator with the 
D-H parameters indicated in Table 1 is modelled using 
MATLAB Robotics Toolbox [12]. Table 2 indicates the 
manipulator configuration parameters just prior to the fault 
time. The velocity of the EEF of the manipulator at the 
indicated configuration in Fig.1 is 
> @ smX T /33.012.007.0  
TABLE 1
D-H PARAMETERS 5-DOF SPATIAL MANIPULATORS
Link Si(m) Di (m) iD iT
1 0.05 0.45 0 1T
2 0.05 0.32 90deg 2T
3 0.05 0.18 0 3T
4 0.05 0.12 0 4T
5 0.05 0.08 0 5T
TABLE 2
CONFIGURATION AND PARAMETERS OF THE  MANIPULATOR AT 
FAULT TIME
Joint
Angle Q
(deg) 
VelocityQ
(rad/sec) 
Contribution into the 
velocity of the EEF  
1 10 0.05 0.19 
2 70 0.40 0.89 
3 25 0.20 0.28 
4 65 0.10 0.09 
5 0 0.30 0.11 
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If a joint of the manipulator fails then it can be one of five. 
Following two subsections are explaining the failure for each 
of these joints. 
A.  First Joint Failure  
The Jacobian of the manipulator at the indicated configuration 
in Table 2 is calculated as  Eq.(25).  
»
»
»
¼
º
«
«
«
¬
ª

 
00.000.000.048.064.0
08.020.028.015.057.0
00.000.016.000.000.0
J Eq.(25)
If the first joint fails then assuming a locked failure at the first 
joint results in Eq.(25) and consequently Eq.(26)  
»
»
»
¼
º
«
«
«
¬
ª

 
00.000.000.019.43
08.020.028.015.0
00.000.016.000.0
1J Eq.(26) 
> @TJ 64.057.000.01     Eq.(42) 
Then the compensating joint velocities comes from Eq.(22) as 
> @TUQJJU 03.008.000.007.0)( 111†11   
and the compensation velocity vector is  
> @TU 03.008.000.007.000.0  . This is the 
required velocity for the healthy joints to compensate the fault. 
Also the new joint velocities is obtained by UQQ '  and
it is > @ sec/27.002.020.047.00 mQ T  . Based 
on this new joint velocities; It is observed that no velocity 
jump will occur and  sec/0mX  '  .
B. Other Joint Failures  
Four other cases of a joint failure are studied here. Table 3 
indicates joint velocities which have been calculated by the 
same approach as the first joint. The required joint velocities 
to minimize the velocity jump for the remained healthy joints 
in each case are indicated in the corresponding column of the 
Table 3 . It is observed that only the fault in the 3rd joint results 
into a velocity jump of the EEF. 
This study can be criticized by saying that the provided 
strategy is only useful for the fault instances. This aim of next 
study is to show that this strategy is suitable even for a given 
motion profile as well as for the fault instance.  
TABLE 3
JOINT VELOCITIES WITH ZERO VELOCITY JUMP PROVIDED BY THE 
SAME CALCULATION FOR THE FIRST JOINT  (RAD/SEC) 
Joint
2nd  Joint 
Fault 
3rd  Joint 
Fault 
4th Joint 
Fault 
5th Joint 
Fault 
1 0.35 -0.03 0.03 0.01 
2 0 0.50 0.46 0.45 
3 0.20 0 0.20 0.20 
4 0.59 0.21 0 0.15 
5 0.50 0.34 0.32 0 
Velocity 
jump 
0.00 m/s 0.03m/s 0.00 m/s 0.00 m/s
V. SIMULATION STUDY
A. Simulation Scenario and parameters 
The 5-DOF spatial manipulator with D-H parameters in Table 
1 is simulated. It is assumed that the work space trajectory 
begins at > @ mR Ts 0.0340.134-1.150  and it ends 
at > @ mR Td 0.2800.5090.781 . The workspace trajectory is 
indicated in Fig.1. In this problem only the position of the 
manipulator is interested. 
Two simulations have been developed to obtain the joint 
velocities to maintain the velocity of the EEF. The first 
simulation is based on a manipulator with healthy joints, and 
the second is with a faulty manipulator. The objective of the 
simulations is to compare the velocity of the EEF for the 
healthy manipulator and faulty manipulator. 
For the healthy manipulator the corresponding joint-angle 
trajectories are shown in Fig.2. The designed trajectory is 
based on a trajectory design function from the Matlab 
Robotics Toolbox. 
Fig. 1. A 5-DOF spatial manipulator and its trajectory 
This trajectory is provided by the healthy manipulator 
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B. Discussion 
The joint angle profiles for both simulations are similar 
profiles up to 50th sec. This is simply seen by comparison 
between  Fig.2 and Fig.3. 
For the second manipulator the velocity of the first 
manipulator at any given time is used as the velocity that 
should be maintained by the faulty manipulator and the 
redistribution strategy in Eq.(22) has been used to obtain the 
new joint velocities.  The third joint is assumed to be locked at 
50th second of a 100sec motion on the desired EEF trajectory 
shown in Fig.1. The required joint velocity commands to 
compensate this fault have been computed through the 
simulations. And the results are indicated in Fig.3. Based on 
this maintaining the velocity of the EEF for whole trajectory 
compare to the velocity of the EEF of the healthy manipulator 
has been optimally achieved, because they resulted into the 
similar trajectories. Finally the velocities of the EEF for the 
healthy and faulty manipulators are obtained and they are 
indicated in Fig.4.  
However up to 65thsec the performance of the fault recovering 
is very good. But after 65th sec the Jacobian comes close to the 
singularity (loosing full rank), therefore an error has been 
occurred to the velocity of the EEF nearby. 
The jump into the velocity of the EEF is indicated in the 
second graph of fig.4. It shows that the maximum velocity 
jump is almost 0.0015m/sec. However when it passed the 
region close to the singularity point, it again fully maintains 
the velocity. 
I. CONCLUSION
A way to tolerate the effect of a locked joint failure on the 
velocity of the EEF of a robotic manipulator was studied and 
an optimal redistribution was proposed. The redistributed joint 
velocities for the faulty manipulator resulted into minimum 
jump of the velocity of a given manipulator both in an 
instantaneous study and in a motion profile study. The result 
of the both studies were provided and analyzed.   
    
Fig. 3. The faulty manipulator joint trajectory Fig.2 . Joint trajectories for the indicated trajectory in Fig.1. 
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In a future work we are interested for more detail of the 
method in addition to make it general for any kind of systems. 
Also the extension for multiple joint failures and the 
conditions for having a zero velocity jump require more 
research. 
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